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Let R be a commutative ring with 1 # 0, and let I be a proper ideal of R. Recall that
I is an n-absorbing ideal if whenever 1 ---xy4+1 € I for z1,...,xn+1 € R, then there
are n of the x;’s whose product is in I. We define I to be a semi-n-absorbing ideal if
2"l € I for x € R implies 2™ € I. More generally, for positive integers m and n, we
define I to be an (m,n)-closed ideal if ™ € I for z € R implies 2™ € I. A number of
examples and results on (m,n)-closed ideals are discussed in this paper.
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1. Introduction

Let R be a commutative ring with 1 # 0, I a proper ideal of R, and n a positive
integer. As in [1], I is called an n-absorbing ideal of R if whenever a1« 2,411 € T
for 1,...,z,+1 € R, then there are n of the x;’s whose product is in I. Thus a
1-absorbing ideal is just a prime ideal. In this paper, we define I to be a semi-
n-absorbing ideal of R if x" ™! € I for x € R implies 2™ € I. Clearly, an n-absorbing
ideal is also a semi-n-absorbing ideal, and a semi-1-absorbing ideal is just a rad-
ical (semiprime) ideal. Hence n-absorbing (respectively, semi-n-absorbing) ideals
generalize prime (respectively, radical) ideals. More generally, for positive inte-
gers m and n, we define I to be an (m,n)-closed ideal of R if 2™ eI for v € R
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implies ™ € I. Thus I is a semi-n-absorbing ideal if and only if I is an (n + 1,n)-
closed ideal, and I is a radical ideal if and only if T is a (2, 1)-closed ideal. In fact,
an n-absorbing ideal is (m,n)-closed for every positive integer m. Clearly, a proper
ideal is (m,n)-closed for 1 < m < n; so we often assume that 1 <n < m.

The concept of 2-absorbing ideals was introduced in [6] and then extended to
n-absorbing ideals in [1]. Several related concepts, such as 2-absorbing primary
ideals, have been studied in [7-10, 16]. Other generalizations of prime ideals are
investigated in [3-5, 11].

In Sec. 2, we give the basic properties of semi-n-absorbing ideals and (m,n)-
closed ideals. We also determine when every proper ideal of R is (m,n)-closed for
integers 1 < n < m. In Sec. 3, we specialize to the case of principal ideals in integral
domains. For an integral domain R, we determine R(I) = {(m,n) € N x N| I is
(m, n)-closed} for I = plfl .- -pfiR, where py, ..., p; are nonassociate prime elements
of R and kq,...,k; are positive integers. In Sec. 4, we continue the study of (m,n)-
closed ideals and give several examples to illustrate earlier results. For a proper ideal
I of R, we investigate the two functions f; and g; defined by fr(m) = min{n|I is
(m, n)-closed} and gr(n) = sup{m|I is (m,n)-closed}.

We assume throughout that all rings are commutative with 1 # 0 and that
f(1) = 1 for all ring homomorphisms f : R — T. For such a ring R, dim(R)
denotes the Krull dimension of R, v/I denotes the radical of an ideal I of R, and
nil(R), Z(R), and U(R) denote the set of nilpotent elements, zero-divisors, and
units of R, respectively; and R is reduced if nil(R) = {0}. Recall that R is von
Neumann regular if for every x € R, there is a y € R such that 2%y = z, and that
R is w-regular if for every x € R, there are y € R and a positive integer n such that
22"y = x™. Moreover, R is m-regular (respectively, von Neumann regular) if and
only if dim(R) = 0 (respectively, R is reduced and dim(R) = 0) ([13, Theorem 3.1,
p. 10]). Thus R is m-regular if and only if R/nil(R) is von Neumann regular. As
usual, N, Z, Z,,, and Q will denote the positive integers, integers, integers modulo
n, and rational numbers, respectively. For any undefined concepts or terminology,
see [12, 13], or [14].

2. Properties of (m,n)-Closed Ideals

We start with the following observations and examples. Recall that if M, ..., M,
are maximal ideals of R, then M;j---M, is an n-absorbing ideal of R ([1,
Theorem 2.9]); an analogous result holds for semi-n-absorbing ideals.

Theorem 2.1. Let R be a commutative ring.

(1) A radical ideal of R is (m,n)-closed for all positive integers m and n.

(2) An n-absorbing ideal of R is a semi-n-absorbing ideal (i.e. (n + 1,n)-closed
ideal) of R for every positive integer n.

(3) An (m,n)-closed ideal of R is (m',n’)-closed for all positive integers m’ < m
and n' > n.

1750013-2
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On (m,n)-closed ideals of commutative rings

(4) An n-absorbing ideal of R is (m,n)-closed for every positive integer m.

(5) Let P1,..., Py be radical ideals of R. Then Py - - - Py is (m,n)-closed for all inte-
gers m > 1 and n > min{m, k}. In particular, Py --- Py is a semi-k-absorbing
ideal (i.e. (k+ 1,k)-closed ideal) of R.

Proof. (1)-(3) follow directly from the definitions.

(4) Let I be an n-absorbing ideal of R for n a positive integer. Suppose that
x™ € I for x € R and m > n an integer. Then 2™ € R by [1, Theorem 2.1(a)|; so I
is (m,n)-closed for m > n. Clearly, I is (m,n)-closed for every integer 1 < m < n;
so I is (m,n)-closed for every positive integer m.

(5) Let ™ € Py --- Py for x € R. Then 2™ € P; for every 1 < ¢ < k, and thus
x € P; since P; is a radical ideal of R. Hence ¥ € P, --- Py; so 2" € P, --- P, for
n > min{m, k}. |

The following examples show that for every integer n > 2, there is a semi-n-
absorbing ideal (i.e. (n + 1,n)-closed ideal) that is neither a radical ideal nor an
n-absorbing ideal, and that there is an ideal that is not a semi-n-absorbing ideal
(i.e. (n+ 1,n)-closed ideal) for any positive integer n.

Example 2.2. (a) Let R = Z, n > 2 an integer, and I = 2-3"Z. Then I is a
semi-n-absorbing ideal (i.e. (n+ 1,n)-closed ideal) of R by Theorem 2.1(5) (let
P, =6Z and P, = --- = P, = 37Z). In fact, I is a semi-m-absorbing ideal for
every integer m > n. However, (2-3"" 12 € T and 2-3"" 1 ¢ I; s0 I is not a
radical ideal of R. Moreover, 2-3" € I, 3" ¢ I, and 2-3""1 ¢ I; so I is not an
n-absorbing ideal of R (but, I is an (n + 1)-absorbing ideal of R). Note that
for n =1, I = 6Z is a semi-1-absorbing ideal (i.e. radical ideal) of R, but not
a l-absorbing ideal (i.e. prime ideal) of R.

(b) Let R = Q[{X,}nen] and I = ({X}nen). Then X'f1 € I and X7, & I for
every positive integer n; so I is not a semi-n-absorbing ideal (i.e. (n + 1,n)-
closed ideal) for any positive integer n. Thus I is (m,n)-closed if and only if
1<m<n.

(c) Let R be a commutative Noetherian ring. Then every proper ideal of R is
an n-absorbing ideal of R, and hence a semi-n-absorbing ideal of R, for some
positive integer n ([1, Theorem 5.3]). Thus, by Theorem 2.1(4), for every proper
ideal I of R, there is a positive integer n such that I is (m,n)-closed for every
positive integer m. Note that the ring in (b) is not Noetherian.

(d) Clearly, an n-absorbing ideal of R is also an (n + 1)-absorbing ideal of R.
However, this need not be true for semi-n-absorbing ideals. For example, it is
easily seen that I = 16Z is a semi-2-absorbing ideal (i.e. (3,2)-closed ideal) of
Z, but not a semi-3-absorbing ideal (i.e. (4, 3)-closed ideal) of Z.

(e) Let R be a valuation domain. Then a radical ideal of R is also a prime ideal of
R ([12, Theorem 17.1]), i.e. a semi-1-absorbing ideal of R is a 1-absorbing ideal
of R. However, a semi-n-absorbing ideal of R need not be an n-absorbing ideal
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of R for n > 2. For example, let R = Z) and I = 16Z3). Then R is a DVR,
and it is easily verified that [ is a semi-2-absorbing ideal (i.e. (3, 2)-closed ideal)
of R, but not a 2-absorbing ideal of R.

In general, a product of (m,n)-closed ideals need not be (m,n)-closed (e.g. a
product of radical ideals need not be a radical ideal). The next result generalizes
Theorem 2.1(5) (also, see Theorem 4.1(9)).

Theorem 2.3. Let R be a commutative ring, mi,...,Mg,N1,...,NE Ppositive
integers, and I, ..., Iy be ideals of R such that I; is (m;,n;)-closed for 1 <1 < k.

(1) LN---N1j is (m,n)-closed for all positive integers m < min{my, ..., my} and
n > min{m, max{ny,...,ng}}.
(2) I --- 1), is (m,n)-closed for all positive integers m < min{my,...,my} and

n > min{m,ny + -+ ng}.

Proof. (1) Let 2™ € Nn---NI; for x € R, m < min{mq,...,mg}, and 1 <
1 < k. Then 2™ € I;, and thus 2™ € I;; so 2™ € I; since I; is (m;,n;)-closed.
Hence 2™ € I N --- NI for n > max{ny,...,ni}t. Thus 2™ € Iy N--- N I} for
n > min{m, max{ny,...,n;}}.

(2) Let 2™ € I1---I; for x € R, m < min{mq,...,my}, and 1 < i < k.
Then ™ € I, and thus 2™ € I;; so 2™ € I; since I; is (m;, n;)-closed. Hence
gmtte e[ ysoan €y - I, forn>ng 4o+ ng. Thus 2™ € I -+ - I, for
n > min{m,ny +--- + ng}. O

Recall that two ideals I and J of a commutative ring R are comazimal if I+ .J =
R, and in this case, IJ =1NJ.

Corollary 2.4. Let R be a commutative ring, m and n positive integers, and
I, ..., Iy be (m,n)-closed ideals (respectively, semi-n-absorbing ideals) of R.

(1) 1NN is an (m, n)-closed ideal (respectively, semi-n-absorbing ideal) of R.
(2) If I,..., Iy are pairwise comaximal, then Iy ---Iy is an (m,n)-closed ideal
(respectively, semi-n-absorbing ideal) of R.

Let m and n be positive integers. In [1], we defined a proper ideal I of a com-
mutative ring R to be a strongly n-absorbing ideal of R if whenever I ---I,,41 C 1
for ideals Iy,...,I,+1 of R, then there are n of the I;’s whose product is in [.
Clearly, a strongly n-absorbing ideal is also an n-absorbing ideal, and in [1], we
gave several cases where the two concepts are equivalent and conjectured that they
are always equivalent. Analogously, we define a proper ideal I of R to be a strongly
semi-n-absorbing ideal of R if J" C I whenever J"*! C I for an ideal J of R, and
more generally, we say that a proper ideal I of R is a strongly (m,n)-closed ideal
of R if J* C I whenever J™ C I for an ideal J of R. Clearly, every proper ideal
of R is strongly (m,n)-closed for 1 < m < n, a strongly (m,n)-closed ideal of R is
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On (m,n)-closed ideals of commutative rings

an (m, n)-closed ideal of R, and an (m, 1)-closed ideal of R is also strongly (m, 1)-
closed. However, an (m,n)-closed ideal of R need not be a strongly (m,n)-closed
ideal of R; we have the following example.

Example 2.5. Let R = Z[X,Y], I = (X2,2XY,Y?), and J = VI = (X,Y).
Suppose that @™ € I for a € R and m a positive integer. Then a € v/I, and thus
a=bX +cY for some b,c € R. Hence a® = (bX +¢Y)? = b* X2 +2bcXY +*Y? € I,
and thus [ is an (m, 2)-closed ideal of R for every positive integer m. It is easily
checked that J™ C I for every integer m > 3. However, J2 € I since XY & I; so I
is not a strongly (m, 2)-closed ideal of R for any integer m > 3.

In view of Example 2.5, we have the following result.

Theorem 2.6. Let R be a commutative ring, m a positive integer, I an (m,2)-
closed ideal of R, and J an ideal of R.

(1) If J™ C I, then 2J% C I.
(2) Suppose that2 € U(R). If J™ C I, then J* C I (i.e. I is a strongly (m, 2)-closed
ideal of R).

Proof. (1) Let =,y € J. Then 2™, y™, (z + y)"™ € I since J™ C I, and thus
22,92, (x +y)? € I since I is (m, 2)-closed. Hence 2zy = (z +y)? — 2% —y* € I, and
thus 2J2 C I.

(2) This follows directly from (1). m|

Let I be an (m,n)-closed ideal of a commutative ring R. By Example 2.5, it is
possible that 2 € I for every & € J = /I, but J* ¢ I. It is also possible that
2" € I for every x € J = /I, but J™ € I. Finally, it is possible to have 2™ ¢ I for
some x € v/I. We have the following examples.

Example 2.7. (a) Let R = Zy[X,Y,Z], [ = (X%, Y%, Z?%), and J = VI =
(X,Y,Z). Let a € J. Then a = bX + ¢Y + dZ for some b,c,d € R. Thus
a? = v¥’X? + Y2 +d?Z% € I; so I is a (3,2)-closed ideal of R. However,
J3 ¢ I since XYZ & 1.

(b) Let R = Z and I = 16Z. Then I is a (3,2)-closed ideal of R. However, 2 €
VI=2Z,but 2> =8¢ 1.

The next theorem is the (m,n)-closed analog for well-known localization results
about prime, radical, and n-absorbing ideals ([1, Theorem 4.1]).

Theorem 2.8. Let R be a commutative ring, m and n positive integers, I an
(m,n)-closed ideal of R, and S a multiplicatively closed subset of R such that I N
S=0.

(1) Ig is an (m,n)-closed ideal of Rs. In particular, if I is a semi-n-absorbing ideal
of R, then Ig is a semi-n-absorbing ideal of Rg.

1750013-5



Page Proof

January 27, 2016 18:13 WSPC/S0219-4988 171-JAA 1750013

© 0 N o o 9~ W

10
11
12
13
14

15
16
17
18
19
20

21
22
23

24
25

26
27
28
29
30

31

32
33
34
35
36
37

D. F. Anderson € A. Badawi

(2) Ifn=2,2€ 8, and J™ C Is for an ideal J of Rg, then J?> C Ig (i.e. Is is a
strongly (m, 2)-closed ideal of Rg).

Proof. (1) Let 2™ € Ig for x € Rg. Then & = r/s for some r € R and s € S, and
thus 2™ = r"™/s™ = i/t for some i € I and t € S. Hence ™tz = s™iz € I for some
z € S, and thus (rtz)™ € I. Hence (rtz)™ € I since I is (m,n)-closed, and thus
=" /s"m = 2™ /s 2™ € Ig. Hence Ig is an (m, n)-closed ideal of Rg. The
“in particular” statement is clear.

(2) Suppose that J™ C Ig for an ideal J of Rg. Then 2 € U(Rg) since 2 € S,
and thus J2 C Is by Theorem 2.6(2). |

Corollary 2.9. Let R be a commutative ring, I a proper ideal of R, and m and
n positive integers. Then I is an (m,n)-closed ideal of R if and only if Ip is an
(m,n)-closed ideal of Rp for every prime (or maximal) ideal of R containing I. In
particular, I is a semi-n-absorbing ideal if and only if I is locally a semi-n-absorbing
tdeal.

Proof. (=) This follows directly from Theorem 2.8(1).
(<) Let 2™ € [ for x € R, J = {r € R|ra"™ € I} (an ideal of R), and P be
a prime ideal of R with I C P. Then (z/1)™ € Ip; so (z/1)" € Ip since Ip is
(m,n)-closed. Thus sz™ € I for some s € R\P; so J € P. Clearly, J Z Q for every
prime ideal @ of R with I ¢ Q. Hence J = R; so 2™ € I. Thus I is (m, n)-closed.
The “in particular” statement is clear. O

The next theorem and corollary extend well-known results about prime, radical,
and n-absorbing ideals ([1, Theorem 4.2, Corollary 4.3]) to (m, n)-closed ideals; their
proofs are left to the reader.

Theorem 2.10. Let R and T be commutative rings, m and n posiltive integers,
and f: R — T a homomorphism.

(1) If J is an (m,n)-closed ideal (respectively, semi-n-absorbing ideal) of T, then
f~YJ) is an (m,n)-closed ideal (respectively, semi-n-absorbing ideal) of R.

(2) If f is surjective and I is an (m,n)-closed ideal (respectively, semi-n-absorbing
ideal) of R containing kerf, then f(I) is an (m,n)-closed ideal (respectively,
semi-n-absorbing ideal) of T.

Corollary 2.11. Let m and n be positive integers.

(1) Let R C T be an extension of commutative rings. If J is an (m,n)-closed ideal
(respectively, semi-n-absorbing ideal) of T, then JN R is an (m,n)-closed ideal
(respectively, semi-n-absorbing ideal) of R.

(2) Let I C J be proper ideals of a commutative ring R. Then J/I is an (m,n)-
closed ideal (respectively, semi-n-absorbing ideal) of R/I if and only if J is an
(m,n)-closed ideal (respectively, semi-n-absorbing ideal) of R.

1750013-6
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On (m,n)-closed ideals of commutative rings

Recall that an ideal of R x S has the form I x J for I an ideal of R and J an
ideal of S. For a ring T', it will be convenient to define the improper ideal 7" to be
an (00, 1)-closed ideal of T'; then the following theorem holds for all ideals of R x S
(also, see Theorem 4.1(9) and Remark 4.2(d)). The n-absorbing ideal analog of the
next theorem was given in [1, Theorem 4.7]; its proof is also left to the reader.

Theorem 2.12. Let R and S be commutative rings, I an (mqy,n1)-closed ideal of
R, and J an (mg, ng)-closed ideal of S. Then I x J is an (m,n)-closed ideal of Rx S
for all positive integers m < min{ms, m2} and n > max{ni,na}.

It is well-known that every proper ideal of a commutative ring R is a prime
ideal if and only if R is a field (this is the very first exercise in [14]), and it is
easily shown that every proper ideal of R is a radical ideal if and only if R is von
Neumann regular. Our next goal is to determine when every proper ideal of R is
(m,n)-closed. The following result is included for further reference.

Theorem 2.13. Let R be a commutative ring and n a positive integer.

(1) Ewvery proper ideal of R is a prime ideal if and only if R is a field.

(2) Every proper ideal of R is a radical ideal if and only if R is von Neumann
reqular.

(3) If every proper ideal of R is an n-absorbing ideal, then dim(R) = 0 and R has
at most n. maximal ideals.

Proof. (1) This result is well known ([14, Exercise 1, p. 7]).

(2) First, suppose that every proper ideal of R is a radical ideal. Let € R be a
nonunit. Then 2R is a radical ideal, and thus = € 2?R; so = 2y for some y € R.
If x € U(R), then z = 2%2~! with 27! € R. Hence R is von Neumann regular.

Conversely, suppose that R is von Neumann regular. Let I be a proper ideal of
R and 22 € I for z € R. Then x = 2%y for some y € R, and thus x = 2%y € I.
Hence I is a radical ideal.

(3) This is [1, Theorem 5.9]. O

Theorem 2.14. Let R be a commutative ring and m and n integers with 1 <n <
m. Then the following statements are equivalent.

(1) Ewvery proper ideal of R is an (m,n)-closed ideal of R.
(2) dim(R) =0 and w™ =0 for every w € nil(R).

Proof. (1) = (2) Let w € nil(R). Then w™R is an (m, n)-closed ideal of R; so w" €
w™ R since w™ € w™R. Thus w" = w™z for some z € R. Hence w" (1—w™ ™ "z) = 0,
and thus w™ = 0 since 1 — w™ "z € U(R) because w™ "z € nil(R) since m > n.
Suppose, by way of contradiction, that dim(R) > 1. Then there are prime ideals
P C Q of R. Let x € Q\P. As above, 2" € z™R; so 2" = 2™y for some y € R.
Thus 2"(1 — 2™ "y) =0 € P, and hence 1 — 2™ "y € P C @ since x € Q\P. But
then 1 € @ since 2™ ™y € @, a contradiction. Thus dim(R) = 0.

1750013-7
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(2) = (1) Let I be a proper ideal of R, and assume that ™ € I for x € R.
Then R is w-regular since dim(R) = 0, and thus 2 = eu + w for some idempotent
e € R, u € UR), and w € nil(R) by [15, Theorem 13]. If n = 1, then R is
reduced, and thus R is von Neumann regular since dim(R) = 0. In this case, every
proper ideal of R is a radical ideal by Theorem 2.13(2), and hence I is (m,1)-
closed. Thus we may assume that n > 2. Let £ > n; so w® = 0. Then 2F =
(eu +w)* = euf + keuF 1w + - + keuw* ! = e(uF + kv tw + -+ kuwb ).
Hence vy, = uF + ku* 1w + -+ + kuw*~! € U(R) since u € U(R), w € nil(R), and
k > 2; and thus ¥ = evy,. In particular, 2™ = eh € I with h € U(R) since m > n,
and hence e = h='2™ € I. Thus 2* = evy, € I for every integer k > n. Hence I is
(m,n)-closed. m|

In light of Theorem 2.14, and the fact that an (m, n)-closed ideal is also (m/, n)-
closed for every positive integer m’ < m, we have the following results.

Theorem 2.15. Let R be a commutative ring and n a positive integer. Then the
following statements are equivalent.

(1) Ewvery proper ideal of R is (m,n)-closed for every positive integer m.

(2) There is an integer m > n such that every proper ideal of R is (m,n)-closed.

(3) For every proper ideal I of R, there is an integer my > n such that I is (my,n)-
closed.

(4) Ewvery proper ideal of R is a semi-n-absorbing ideal (i.e. (n+1,n)-closed ideal)
of R.

(5) dim(R) =0 and w"™ =0 for every w € nil(R).

Proof. Clearly, (1) = (2) = (3) = (4), and (4) = (5) follows from Theorem 2.14.
Finally, (5) = (1) follows from Theorem 2.14 for m > n, and from the fact that
every proper ideal is (m, n)-closed for 1 < m <n. O

Corollary 2.16. Let R be a reduced commutative ring. Then the following state-
ments are equivalent.

(1) Ewvery proper ideal of R is a radical ideal.

(2) Every proper ideal of R is (m,n)-closed for all positive integers m and n.

(3) There is a positive integer n such that every proper ideal of R is (m,n)-closed
for every integer m > n.

(4) There is a positive integer n such that every proper ideal I of R is (my,n)-closed
for some integer my > n.

(5) There is a positive integer n such that every proper ideal of R is a semi-n-
absorbing ideal (i.e. (n+ 1,n)-closed ideal) of R.

(6) R is a von Neumann regular ring.

Moreover, if R is an integral domain and any of the above conditions hold, then R
is a field.
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On (m,n)-closed ideals of commutative rings

Proof. Clearly, (1) = (2) = (3) = (4) = (5), and (5) = (6) by Theorem 2.14
since a reduced commutative ring R with dim(R) = 0 is von Neumann regular.
Also, (6) = (1) by Theorem 2.13(2). The “moreover” statement holds since an
integral domain is von Neumann regular if and only if it is a field. |

Corollary 2.17. Let R be a reduced commutative ring and n a positive integer.
Then every proper ideal of R is an n-absorbing ideal of R if and only if R is
isomorphic to the direct product of at most n fields.

Proof. (=) R is von Neumann regular by Corollary 2.16 since an n-absorbing
ideal is a semi-n-absorbing ideal, and R has at most n maximal ideals by Theo-
rem 2.13(b). Thus R is isomorphic to the direct product of at most n fields by the
Chinese Remainder Theorem.

(<) This follows directly from [1, Corollary 4.8]. O

Remark 2.18. Let R be a commutative Noetherian ring. Then every proper ideal
of R is an n-absorbing ideal, and thus a semi-n-absorbing ideal (i.e. (n+1,n)-closed
ideal) of R, for some positive integer n ([1, Theorem 5.3]). However, if there is a
fixed positive integer n such that every proper ideal of R is a semi-n-absorbing ideal
of R, then dim(R) = 0 by Theorem 2.15.

3. Principal Ideals

In this section, we determine when the powers of a principal prime ideal of an
integral domain are (m, n)-closed. Specifically, let R be an integral domain, I = p*R,
where p is a prime element of R and k is a positive integer, and m and n be fixed
positive integers with 1 < n < m. We first determine A(m,n) = {k € N|p*R
is (m,n)-closed}. Of course, A(m,n) = N for 1 < m < n. Later, we fix k, and
then determine R(p*R) = {(m,n) € N x N|pFR is (m,n)-closed}. Note that these
results are independent of the integral domain R and the prime p. Finally, these
characterizations are extended to ideals of the form plfl -~-pfiR7 where py,...,p;
are nonassociate prime elements of R and ki, ..., k; are positive integers.

Theorem 3.1. Let R be an integral domain, m and n integers with 1 < n < m,
and I = pPR, where p is a prime element of R and k is a positive integer. Then
the following statements are equivalent.

(1) I is an (m,n)-closed ideal of R.

(2) k = ma+r, where a andr are integers such thata > 0,1 < r <n, a(m mod n)+
r <n, and if a # 0, then m = n + ¢ for an integer ¢ with 1 <c¢ <n — 1.

(3) If m = bn + ¢ for integers b and ¢ with b > 2 and 0 < n —1, then
ke {l,....n}. If m = n+ c for an integer ¢ with 1 < n—1, then
keUj_{mi+h|i€Z and 0 <ic <n—h}.

< c
< c

1750013-9
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Proof. (1) = (2) Suppose that I = p¥R is an (m, n)-closed ideal of R for integers
m and n with 1 <n < m. Then k = ma + r, where a and r are integers such that
a>0and 0<r<m—1. Assume that » = 0; so a > 0. Thus (p®)™ = p* € I, and
hence (p®)™ € I since I is (m,n)-closed, which is impossible since na < ma = k.
Thus 1 < r < m — 1. Let d be the smallest positive integer such that (p?)™ € I.
Then m(a+1) = k+m —r > k since r < m, and ma < k since r #0. Sod =a+1
is the smallest positive integer such that (p?)™ € I. Then (p2t!)™ € I, and hence
(pe*1)™ € I since I is (m,n)-closed. Thus na +n = n(a +1) > k = ma + r.
Hence n > a(m —n) +r with a(m —n) > 0; s0 1 < r < n. Since n < m, we
have m = bn + ¢ for integers b and ¢ with b > 1 and 0 < ¢ < n — 1. Thus
n>albn+c—n)+r =alb—1)n+ac+r Since n > a(b— 1)n + ac+ r and
ac+r > 1, we have a(b—1) = 0, and hence n > ac+r. Thus a(m mod n) +r <n
since ¢ = m mod n. Assume that a # 0. Then b = 1 since a(b — 1) = 0. Hence
m=n-+cwith1l<ec¢<n-—1since n <m.

(2) = (1) Suppose that k = ma+r, where a and r are integers such that a > 0,
1 <r <mn,alm mod n)+r < n, and if a # 0, then m = n + ¢ for an integer ¢
with 1 < ¢ <n — 1. Assume that 2™ € I for x € R. We consider two cases. Case
I: Assume that a = 0. Then k£ = r, and hence 1 < k < n. Then p|z, and thus
p¥ | 2*. Hence p* | 2™ since n > k, and thus 2™ € I. Case II: Assume that a # 0.
We show that p*|z", and hence 2" € I. Then p|z and p*|2™ since 2™ € I. If
p¥ |z, then 2™ € I. So assume that p¥{z. Let i be the largest positive integer such
that p®|x. Thus p™ | 2™ and mi is the largest positive integer such that p™? | z™.
Hence mi > k;s0 0 > k—mi = (ma+r)—mi=m(a—1i)+r. Since 1 <r <n, we
have 7 > a. Thus ¢ = a + b for an integer b > 1. Then k = ma +r and m =n + ¢
give k/n = (ma+r)/n=((n+c)a+r)/n=(natca+r)/n=a+(ca+r)/n<a+1
since ac+r = a(m mod n) +r <n. Since b > 1, we have i =a+b>a+ 1> k/n,
and hence ni > k. Thus p™ |z" since p’|x, and hence p* |z" since ni > k. So
2™ € I. Thus I is (m,n)-closed.

(2) < (3) Note that (3) is just an explicit form of (2). O

Theorem 3.2. Let R be an integral domain, n a positive integer, and I = pFR,
where p is a prime element of R and k is a positive integer. Then the following
statements are equivalent.

(1) I is a semi-n-absorbing ideal (i.e. (n + 1,n)-closed ideal) of R.

(2) k= (n+ 1)a+r, where a and r are integers such that a > 0, 1 < r < n, and
a+r<n.

3) kelUp_{n+1)i+h|i€Z and 0<i<n—h}.

Moreover, |{k € N|p*R is (n + 1,n)-closed}| = n(n + 1)/2.

Proof. (1) < (2) The proof is clear by Theorem 3.1 since an ideal I of R is a
semi-n-absorbing ideal if and only if I is (n + 1, n)-closed.

1750013-10
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On (m,n)-closed ideals of commutative rings

(2) < (3) Note that (3) is just an explicit form of (2).
The “moreover” statement follows from (3). O

Corollary 3.3. Let R be an integral domain and I = p*R, where p is a prime
element of R and k is a positive integer. Then I is a semi-2-absorbing ideal (i.e.
(3,2)-closed ideal) of R if and only if k € {1,2,4}.

We next extend these results to products of prime powers. We use the well-
known fact that if py, ..., p, are nonassociate prime elements of an integral domain
R, then p* RN ---Npk» R = p¥* ... pk» R for all positive integers ki, ..., k,. Note
that pi ---pf» R is an m-absorbing ideal of R if and only if m > ki + --- + ky,
([1, Theorem 2.1(d)]).

Theorem 3.4. Let R be an integral domain, m and n integers with 1 < n < m,
and I = p’fl -~-pf’iR, where p1,...,p; are nonassociate prime elements of R and
ki,...,k; are positive integers. Then the following statements are equivalent.

(1) I is an (m,n)-closed ideal of R.

(2) p?jR is an (m,n)-closed ideal of R for every 1 < j <i.

(3) If m = bn + ¢ for integers b and ¢ with b > 2 and 0 < ¢ < n — 1, then
kj € {1,...,n} for every 1 < j < i. If m = n + ¢ for an integer ¢ with
1<e<n-1,thenk; € J,_{mv+h|veZ and 0 <vec < n—h} for every
1<j<i.

Proof. (1) = (2) Let I; = p?jR. Suppose that ™ € I; for + € R. Let y =
z(ph - pf)/pfj € R. Then y™ € I, and hence y" € I since I is (m,n)-closed. By
construction, y™ € I if and only if 2™ € I;. Thus [; is an (m,n)-closed ideal of R
for every 1 < j <.
(2) = (1) This is clear by Corollary 2.4(1) since pf* RN---NpF R = ph ... pki R,
(2) < (3) This is clear by Theorem 3.1. O

Corollary 3.5. Let R be a principal ideal domain, I a proper ideal of R, and m
and n integers with 1 < n < m. Then the following statements are equivalent.

(1) I is an (m,n)-closed ideal of R.
(2) I = plfl -~-pfiR, where p1,...,p; are nonassociate prime elements of R and
ki,...,k; are positive integers, and one of the following two conditions holds.
(a) If m = bn + ¢ for integers b and ¢ with b > 2 and 0 < ¢ < n — 1, then
kj € {1,...,n} for every 1 < j <i.
(b) Ifm = n+c for an integer ¢ with1 < ¢ < n—1, then k; € {J,_,{mv+h|v €
Z and 0 < ve < n—h} for every 1 < j <.

Corollary 3.6. Let R be an integral domain, I = plfl --~pfiR, where pi,...,D;
are nonassociate prime elements of R and k1, ..., k; are positive integers, and n a

1750013-11
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positive integer. Then the following statements are equivalent.

(1) I is a semi-n-absorbing ideal (i.e. (n+ 1,n)-closed ideal) of R.
(2) kj e Un_{ln+ v+ h|veZ and 0 <v <n—h} for every 1 < j <i.

Corollary 3.7. Let R be a principal ideal domain, I a proper ideal of R, and n a
positive integer. Then the following statements are equivalent.

(1) I is a semi-n-absorbing ideal (i.e. (n+ 1,n)-closed ideal) of R.

(2) I = plfl --~pfiR, where p1,...,p; are nonassociate prime elements of R and
ki,..., ki are positive integers, and k; € Uy _{(n+1)v+h|v€Z and 0 < v <
n—nh} for every 1 < j <i.

The next theorem uses Theorem 3.1 to give an easier criterion to determine
when p* R is (m, n)-closed.

Theorem 3.8. Let R be an integral domain, m and n integers with 1 < n < m,
and I = p* R, where p is a prime element R and k is a positive integer. Then the
following statements are equivalent.

(1) I is an (m,n)-closed ideal of R.
(2) Ezactly one of the following statements holds.
(a) 1<k <n.
(b) There is a positive integer a such that k = ma +r = na + d for integers r
and d with 1 <r,d <n—1.
(¢) There is a positive integer a such that k = ma+r = n(a+1) for an integer
rwithl<r<n-1.

Proof. (1) = (2) Suppose that I is (m,n)-closed. Then by Theorem 3.1, k =
ma+r, where a and r are integers such that a > 0,1 <r < n, a(m mod n)+r < n,
and if a # 0, then m = n + ¢ for an integer ¢ with 1 < ¢ < n —1. Thus if a = 0,
then 1 < k < n. Hence assume that a # 0. Note that m mod n = ¢. Since ¢ # 0
and ac + r < n, we conclude that 1 <r < n. Since k = ma +r and m = n + ¢, we
have k = (n+c¢)a+r =na+ac+r. Let d = ac+r. Then d < n. If d < n, then
k=ma+r=na+d, where ]l <r,d<n-—1.1f d=n, then k = ma+r=n(a+1),
where 1 <r <n-—1.

(2) = (1) First, suppose that 1 < k < n. Then it is clear that I is an (m,n)-
closed ideal of R. Next, suppose that there is an integer a > 1 such that k =
ma-+r = na+d, where 1 <r,d <n—1.Then m = n+(d—r)/a, and thus m = n+c
for an integer ¢ with 1 < ¢ <n—1. Hence I is (m, n)-closed by Theorem 3.1. Finally,
suppose that there is an integer @ > 1 such that k = ma + r = n(a + 1), where
1<r<n-—1Thenm=n+(n—r)/a=mn+cfor an integer ¢ with 1 <c¢<n-—1,
and thus I is (m, n)-closed by Theorem 3.1. |

We next calculate R(p¥R) = {(m,n) € N x N|pFR is (m,n)-closed} for a fixed
positive integer k. The following lemma will be needed.

1750013-12
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On (m,n)-closed ideals of commutative rings

Lemma 3.9. Let a,d,m,n,r, and w be positive integers such that 1 < r < m,
I1<w<n<m,andl <d<a.

(1) If ma+r=na+w, then 1 <r<w<nandl<a<n.
(2) If ma+r=n(a+1),thenl<r<nandl<a<n.
(3) If ma+r=n(a+1)+d, then eitherm=n+1 orl<a<n.

Proof. (1) Suppose that ma+r =na+w. Then w—r =a(m—n) > 0and 1 <w <
n. Thus 1 <r < w < n, and hence 0 < w —r <n. Thus a = (w —7)/(m—n) <n
since 0 <w—r<nandm-—n>1.

(2) Suppose that ma+r = n(a+1). Then n—r = a(m—n) > 0. Thus 1 <r < n,
anda=(n—r)/(m—n)<nsnce0<n—r<nandm-—n>1.

(3) Suppose that ma +r = n(a+ 1)+ d and a > n. Then 0 < m —n =
alm—n)/a=n+d—r)/a=n/a+d/a—r/a<2sincel <n<a,1<d<a,and
r>0.Thusm—-n=1;som=n-+1. O

For fixed positive integers m and k, we next determine the smallest positive
integer n such that I = p*R is (m,n)-closed. Note that n < m since every proper
ideal is (m,m)-closed and that I is (m,n’)-closed for all positive integers n’ > n.
So this determines R(p*R). Also, if m > 1, then n = 1 if and only if k = 1, i.e. if
and only if I is a prime ideal of R. As usual, |x| is the greatest integer, or floor,
function.

Theorem 3.10. Let R be an integral domain and I = p*R, where p is a prime
element of R and k is a positive integer. Let m be a positive integer and n be the
smallest positive integer such that I is (m,n)-closed.

(1) If m > k, then n = k.
(2) Let m < k and write k = ma + r, where a is a positive integer and 0 < r < m.
(a) If r =0, then n = m.
(b) If r #0 and a > m, then n = m.
(¢) Ifr #0, a <m, and (a + 1) | k, then n =k/(a + 1).
(d) If r #0,a <m, and (a + 1)t k, thenn = |k/(a +1)] + 1.

Proof. (1) If m > k, then p™ € I implies p™ € I; so n > k. Clearly, I is (m,k)-
closed; so n = k is the smallest positive integer such that I is (m,n)-closed
when m > k.

(2) We may assume that m > 1, and n < m by the above comments.

(a) Suppose that r = 0. Then I is not (m, m — 1)-closed since (p®)™ = p¥ € I
and (p®)™~1 = pme=9 = pk=a & I Thus n = m since I is (m, m)-closed.

(b) Suppose that » # 0 and a > m. If n # m, then n < m < k. Thus either
k=ma+r=na+dork=ma+r=n(a+1), where 1 <r,d < n, by
Theorem 3.8. Hence a < n < m by Lemma 3.9(1)(2), a contradiction. Thus
n=m.
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Suppose that r # 0, a < m, and (a + 1) |k. Let ¢ = k/(a + 1). Then
k=ma+r=i(a+1) with 1 <i<m;sol<r <ibyLemma 3.9(2). By
Theorem 3.8, I is an (m, i)-closed ideal and it is clear that 4 is the smallest
such positive integer. Thus n =i = k/(a + 1).

Suppose that 7 # 0, a < m, and (a + 1) { k. Let ¢ = |k/(a + 1)]. Then
k=ma+r=ila+1)+d, where 1 <d < aand 1 <i< m. Thus either
m=1i+1orl <d<a<ibyLemma 3.9(3). First, suppose that m = ¢+ 1.
Since (a+1) 1k, k # i(a+1), and thus I is not (m, 7)-closed by Theorem 3.8.
Hence n =m =i+1=[k/(a+1)|+1is the smallest positive integer such
that I is (m,n)-closed. Next, suppose that 1 < d < a < i and m # i+ 1;
soi+1 < m. Since k =i(a+1)+d, we have k = (i + l)a+ i+ d — a.
Let j =i+d—a € Z. Then 1 < j < ¢since 1 < d < a < i. Thus
|k/(i4+1)] =a.Sincek=ma+r=(i+1)a+jwithl<j<i4+1l<m,
we have 1 < r < j <4 by Lemma 3.9(1). Hence I is (m,i + 1)-closed by
Theorem 3.8. Since (a + 1)1k, we have k # i(a + 1), and thus I is not
(m,i)-closed by Theorem 3.8. Hence n =i+ 1 = |k/(a +1)] + 1 is the
smallest positive integer such that I is (m,n)-closed. |

For fixed positive integers n and k, we next determine the largest positive integer
m (or 0o) such that I = p*R is (m, n)-closed. (If I is (m,n)-closed for every positive
integer m, we will say that I is (oo, n)-closed.) Of course, m can also be found using
the previous theorem. Clearly, m > n since every proper ideal is (n, n)-closed, and
I is (m/,n)-closed for every positive integer m’ < m.

Theorem 3.11. Let R be an integral domain, n a positive integer, and I = p*R,
where p is a prime element of R and k is a positive integer.

(1) If n > k, then I is (m,n)-closed for every positive integer m.
(2) Let n < k and write k = na + r, where a is a positive integer and 0 < 1 < n.
Let m be the largest positive integer such that I is (m,n)-closed.

Proof.

If a > n, then m = n.

Ifa=mn and r =0, then m =n+ 1.

If a=n and r # 0, then m = n.

Ifa<n,r=0,and (a—1) |k, then m=k/(a—1) — 1.
Ifa<n,r=0, and (a — 1)1k, then m = |k/(a —1)].
Ifa<n,r#0, and a|k, then m =k/a — 1.
Ifa<n,r#0, and atk, then m = |k/a].

(1) Let 2™ € I for x € R and m a positive integer. Then p|x™; so p|x

since p is prime. Thus p™ | 2™; so 2™ € I since n > k. Hence I is (m, n)-closed.

(2) By the above comments, m > n. Suppose that I is (m, n)-closed and m > n.
If r =0, then k = m(a—1) 4w = na, where 1 < w < n and a — 1 < n by Theorem
3.8 and Lemma 3.9(2). If r # 0, then k = ma+d =na+r, where 1 <d <r <n
and a < n by Theorem 3.8 and Lemma 3.9(1).
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On (m,n)-closed ideals of commutative rings

(a) Suppose that a > n. If m # n, then m > n; so either a — 1 < n or a < n by
the above comments. In either case, a < n, a contradiction. Thus m = n.

(b) Suppose that @ = n and r = 0; so k = n? and n > 2 since n < k. Note
that (p¥)" "t el =an+1)>k=n*=a>n=an>n’ =k= (p*)" € I;
so I is (n+1,n)-closed. However, I is not (n+ 2, n)-closed since (p"~1)"*2 € I and
(pm~ 1) € I. Thus m =n + 1.

(c) Suppose that a = n and r # 0. If m > n, then a < n by the above comments.
This is a contradiction; so m = n.

(d) Suppose that a < n, r = 0, and (a—1)|k (note that a > 2 since na = k > n).
Let f = kf(a—1); 80k = f(a—1) and a < n < f. Thus k = f(a — 1) =
(f—=1+1)e—1)=(f-1)a—1)+a—1 = na with a —1 < n. Hence I is
(f —1,n)-closed by Theorem 3.8. Note that I is not (f,n)-closed by Theorem 3.8.
Hence m = f —1 = k/(a — 1) — 1 is the largest positive integer such that I is
(m, n)-closed.

(e) Suppose that a < n, r = 0, and (a — 1)1k (as in (d), a > 2). Let f =
|k/(a—1)];80 k= f(a—1)+d, where 1 < d < a— 1. Since a < n < f, we have
1<d<a-1<f.Sincek=fla—1)+d=naand 1 <d < f, we have d < n by
Lemma 3.9(2). Thus I is (f, n)-closed by Theorem 3.8. Note that by construction of
fiifk=i(a—1)+cforsomel <c<a—1,theni<f. . Thusm=f=|k/(a—1)]
is the largest positive integer such that I is (m,n)-closed.

(f) Suppose that a < n, r #0, and a | k. Let f =k/a;so k= faand f > n+1.
Then I is not (f,n)-closed by Theorem 3.8. First, assume that f — 1 > n. Thus
k=fa=(f-141a=(f—1)a+a. Sincea<n< f—landk=(f—1)a+a=
na +r, we conclude that I is (f — 1,n)-closed by Theorem 3.8. Hence, in this case,
m = f—1=k/a—11is the largest positive integer such that I is (m,n)-closed.
Next, assume that f — 1 = n. Then clearly m = n = k/a — 1 is again the largest
positive integer such that I is (m, n)-closed.

(g) Suppose that a < n, r # 0, and atk. Let f = |k/a]; so k = fa + d, where
1<d<a.Sincea<n< f,wehavel <d < a < f. Since k = fa+d=na-+r and
1 <d< f,wehaved < n by Lemma 3.9(1). Thus [ is (f, n)-closed by Theorem 3.8.
Note that by construction of f, if k = ia + ¢ for some 1 < ¢ < a, then i < f. Thus
m = f = |k/a] is the largest positive integer such that I is (m,n)-closed. O

The previous two theorems easily extend to products of principal prime ideals.
In particular, we can calculate R(I) = {(m,n) € N x N|I is (m,n)-closed} for
every proper ideal I in a principal ideal domain or every proper principal ideal 1
in a unique factorization domain.

Theorem 3.12. Let R be an integral domain and I = plfl - ~pfiR, where p1,...,p;
are nonassociate prime elements of R and kq,...,k; are positive integers.

(1) Letm be a positive integer. If n; is the smallest positive integer such that p?jR 15
(m,n;)-closed for 1 < j <4, then n = max{ni,...,n;} is the smallest positive
integer such that I is (m,n)-closed.
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(2) Letn be a positive integer. If m; is the largest positive integer (or co) such that
p?jR is (mj,n)-closed for 1 < j <i, then m = min{my,...,m;} is the largest
positive integer (or o) such that I is (m,n)-closed.

Proof. This follows since I is (m, n)-closed if and only if every p?j R is (m,n)-closed
by Theorem 3.4. O

4. General Results

Let I be a proper ideal of a commutative ring R. We define R(I) = {(m,n) €
NxN|Iis (m,n)-closed}. Thus {(m,n) e NxN|1<m <n} CR(I]) C NxNand
R(I) = N x N if and only if /T = I. We start with some elementary properties of
R(I). If we define R(R) = N x N, then the results in this section hold for all ideals
of R.

Theorem 4.1. Let R be a commutative ring, I and J proper ideals of R, and m,n
and k positive integers.

(1) (m,n) € R(I) for all positive integers m and n with m < n.

(2) If (m,n) € R(I), then (m/,n') € R(I) for all positive integers m' and n' with

1<m' <mandn >n.

(3) If (m,n) € R(I), then (km,kn) € R(I).

(4) If (m,n), (n, k) € R(I), then (m,k) € R(I).

(5) If (m,n),(m+1,n+1) € R(I) for m # n, then (m+ 1,n) € R(I).

(6) If (n,2),(n+ 1,2) € R(I) for an integer n > 3, then (n + 2,2) € R(I), and

thus (m,2) € R(I) for every positive integer m.

(7) If (m,n) € R(I) for positive integers m and n with n < m/2, then (m+1,n) €
R(I), and thus (k,n) € R(I) for every positive integer k.

(8) (m,n) € R(I) for every positive integer m if and only if (2n,n) € R(I).

(9) R(I x J) = R(I) N R(J) C R(INJ).

Proof. (1)—(4) all follow easily from the definitions.

(5) If m < n, then (m+1,n) € R(I) by (1). For m > n, suppose that 2™+ € [
for x € R. Then 2"*! € I since I is (m + 1,n + 1)-closed. Thus ™ € I since
m >n+ 1, and hence 2™ € I since I is (m,n)-closed. Thus I is (m + 1, n)-closed.

(6) Suppose that "2 € [ for z € R. Then (2?)" = 22" € [ since 2n > n + 2
because n > 2. Hence z* = (22)? € I since I is (n,2)-closed. But then z"*! € [
since n > 3. Thus 2% € I since I is (n + 1,2)-closed. Hence I is (n + 2,2)-closed.
Similarly, (k,2) € R(I) for every integer k > n + 3. So by (2), I is (k,2)-closed for
every positive integer k.

(7) Let 2™+t € I for x € R. Then (22)™ = 2?™ € I, and hence 2?" = (22)" € I
since I is (m,n)-closed. Thus =™ € I since 2n < m, and hence 2" € I since I is
(m,n)-closed. Thus I is (m + 1,n)-closed. Similarly, (k,n) € R(I) for every integer
k > n, and hence (k,n) € R(I) for every positive integer k by (2).
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On (m,n)-closed ideals of commutative rings

(8) This follows directly from (7).

(9) Clearly I x J is (m,n)-closed if and only if I and J are both (m,n)-closed.
Thus R(I x J) =R(I) NR(J). That R(I) N R(J) C R(I N J) follows from Corol-
lary 2.4(1). m|

Remark 4.2. (a) The m # n hypothesis is needed in Theorem 4.1(5) since (n,n) €
R(I) for every positive integer n.

(b) The n > 3 hypothesis is needed in Theorem 4.1(6). For n = 1, we have
(1,2),(2,2) € R(I) for every proper ideal I of R, but, in general, (3,2) € R(I).
For n = 2,we have (2,2), (3,2) € R(I) does not imply (4,2) € R(I). For exam-
ple, let R =7 and I = 16Z. Then (2,2),(3,2) € R(I), but (4,2) € R(I).

(¢) The inclusion in Theorem 4.1(9) may be strict. For example, let R = Z, I = 8Z,
and J = 16Z. Then (3,2) € R(J) = R(I N J). However, (3,2) & R(I); so
RUI)NRI) CRUINT).

(d) More generally, R(I x J) = R(I) NR(J) for all ideals I and J of commutative
rings R and S, respectively.

Let I be a proper ideal of a commutative ring R and m and n positive integers.
We define fr(m) = min{n|Iis (m,n)—closed} € {1,...,m} and gr(n) = sup{m | I
is (m,n)—closed} € {n,n+1,...}U{oco};s0 fr : N — Nand g; : N — NU{oc}. The
columns (respectively, rows) of R(I) determine f; (respectively, gr). Thus either
function fr or g is determined by the other, and either function determines R(I) by
Theorem 4.1(2). It is sometimes useful to view f; (respectively, gr) as an N-valued
(respectively, NU{oo}-valued) non-decreasing sequence f; = (fr(m)) (respectively,
(91 = (gr(n))). Note that f; = (1,1,1,...) if and only if g; = (o0, 00,00,...),
if and only if VT = I. If we define R(R) = N x N, then fzr = (1,1,1,...) and
gr = (00,00,00,...). Also, fr is eventually constant if and only if g; is eventually
constant, if and only if g5 is eventually co. We next give some elementary properties
of the two functions f; and g;.

Theorem 4.3. Let R be a commutative ring, I a proper ideal of R, and m and n
positive integers. Let fr(m) = min{n|T is (m,n)-closed} and gr(n) = sup{m|I is
(m,n)-closed}.

Proof. (1) This is clear since (n,n) € R(I) for every positive integer n by Theo-
rem 4.1(1).
(2) This is clear by Theorem 4.1(2).
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(3) Suppose that fr(m + 1) = fr(m) + 1. Let fr(m) = n; so m > n and
fr(m+1) = n+1. Then (m,n), (m+1,n+1) € R(I) and m > n;so (m+1,n) € R(I)
by Theorem 4.1(5). Thus fr(m + 1) < n, a contradiction.

(4) This is also clear by Theorem 4.1(1).

(5) This is also clear by Theorem 4.1(2).

(6) The proof is similar to that of (3). m|

For f,9 : N — NU {oo}, we define f < g if and only if f(n) < g(n) for every

n € N. Thus (f V g)(n) = max{f(n),g(n)} and (f A g)(n) = min{f(n),g(n)} for
every n € N.

Theorem 4.4. Let R be a commutative ring and I and J proper ideals of R. Let
fr(m) = min{n | I is (m,n)-closed} and gr(n) = sup{m|I is (m,n)-closed}. Then
the following statements are equivalent.

(1) R(I) CR(J).
(2) fs < fr,ie fy(m) < fr(m) for every positive integer m.
(3) gr < gy, i.e. gr(n) < gs(n) for every positive integer n.

Proof. It is clear that (1) < (2) and (2) < (3). m|

The next theorem relates fr, f; (respectively, gr,gs) and fin; (respectively,
ging)-

Theorem 4.5. Let R be a commutative ring and I and J proper ideals of R. Let
fr(m) =min{n|I is (m,n)-closed} and gr(n) = sup{m|I is (m,n)-closed}.

(1) frng < frV £
(2) 9rNgs < grna-
(3) The following statements are equivalent.

(@) frng = f1Vfs
(b) grns =91 Ngs-
(c) RUNJ)=RI)NR(J]).

Proof. (1) Let m € N,ny = fr(m),na = f;(m), and n = max{nq,n2}. Then
(m,n) € RUI)NR(J) € R(INJ) by Theorem 4.1(2)(9). Thus fins(m) < n =
(1 V £2)(m).
(2) The proof is similar to that of (1).
(3) (a) = (c) Suppose that frn; = frV fs. Then fr, f; < frns;s0 R(INJ) C
R(I)NR(J) by Theorem 4.4. Thus R(I NJ) =R(I) N R(J) by Theorem 4.1(9).
(¢) = (a) Suppose that R(I NJ) = R(I) NR(J). Then fr,f; < fins by
Theorem 4.4; so frV f5 < fing. Thus fray = frV frsince fing < frV fs by (1).
(b) < (c) The proof is similar to that of (a) < (c). O
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On (m,n)-closed ideals of commutative rings

The next result gives a case where R(I NJ) = R(I) N R(J); its “moreover”
statement generalizes (1) < (2) of Theorem 3.4. Recall that two nonunits 2 and y
in an integral domain R are coprime if tRNyR = zyR.

Theorem 4.6. Let R be an integral domain and x,y € R coprime elements. Then
R(zyR) = R(zR NyR) = R(zR) N R(yR). Moreover, fryr = fzr V fyr and
JoyR = 9aR N GyR-

Proof. By Theorem 4.1(9), we need only to show that R(zR NyR) C R(zR) N
R(yR). We first show that R(zRNyR) C R(zR). Let (m,n) € R(zRNyR), and
suppose that a™ € zR for a € R. Then (ay)™ € tRNyR = zyR, and thus (ay)™ €
zyR C xR since zyR = cRNyR is (m, n)-closed. Hence (ay)” € tRNY"R = zy" R
(this follows since x and y are coprime); so a™ € zR. Thus zR is (m,n)-closed; so
(m,n) € R(zR). Similarly, (m,n) € R(yR); so R(zRNyR) C R(zR) N R(yR).
Hence R(zyR) = R(zRNyR) = R(zR) N R(yR). O

The functions f; and g; may be strictly increasing (see Example 4.8(d)). How-
ever, if R is a commutative Noetherian ring, then f; and gy are eventually constant
(i.e. g1 is eventually co) for every proper ideal I of R (cf. Example 2.2(c)).

Theorem 4.7. Let R be a commutative ring, n a positive integer, and I an
n-absorbing ideal of R. Then fr(m) < n for every positive integer m. Thus fr
and gr are eventually constant. In particular, if R is Noetherian, then f; and gr
are eventually constant for every proper ideal I of R.

Proof. This follows directly from Theorem 2.1(4). The “in particular” statement
holds since every proper ideal of a commutative Noetherian ring is an n-absorbing
ideal for some positive integer n by [1, Theorem 5.3]. O

Let R be an integral domain and I = pFR, where p is a prime element of R
and k is a positive integer. Then Theorem 3.10 computes f; and Theorem 3.11
computes gr; the general case for I = plfl .- -pfiR is given by Theorem 3.12.

We end this section by computing the f; and gy functions for several examples.

Example 4.8. (a) Let R be an integral domain and I = p*° R for p a prime element
of R. By Theorem 3.10, one may easily calculate that f;(m) = mfor 1 < m <6,
f1(7) =6, f1(8) = fr(9) = 8, fr(m) = 10 for 10 < m < 14, fi(m) = 15 for
15 < m < 29, and f;(m) = 30 for m > 30. Using Theorem 3.11 (or the fr
function), one may easily calculate that gr(n) = n for 1 < n < 5,¢7(6) =
g1(7) = 7,91(8) = ¢g1(9) = 9,97(n) = 14 for 10 < n < 14,g,;(n) = 29 for
15 <n <29, and g;(n) = oo for n > 30.

(b) Let R = Z and I = 1260000Z = 2°325%7Z. Then I = I, N Iy N I3 N I4, where
L = 22,1, = 322,13 = 5'Z, and I = 7TZ. Let f; = f;, and g; = gr,.
Then f1 = (1,2,3,3,5,5,5,..), fo = (1,2,2,2,..), f3 = (1,2,2,4,4,4,..),
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fa = (1,1,1,...) and g1 = (1,2,4,4,00,00,00,...), g2 = (1,00,00,00,...),
g3 = (1,3,3,00,00,00,...), g4 = (00,00,00,...) by Theorems 3.10 and 3.11,
respectively. Thus fr = (1,2,3,4,5,5,5,...) and g; = (1,2,3,4, 00,00, 00, ...)
by Theorem 3.12.

Let n be a positive integer, p, be the nth positive prime integer, R = Z,
and I, = 2'3%-..p"Z. Then f1, = (1,1,1,...), g1, = (00,00,00,...), f1, =
(1,2,...,n—1,n,n,n,...), and g7, = (1,2,...,n — 1,00,00,00,...) for n > 2
by Theorems 3.10-3.12.

Let R = Q{X,}nen] and I = ({X”},,en) as in Example 2.2(b). Then f;(m) =
gr(m) = m for every positive integer m since I is (m,n)-closed if and only if
1<m<mn. Thus fr=9r=(1,2,3,....,.n— Lin,n+1,...).

The final example shows that for P a prime ideal (with P* C P?) and p a prime

element of an integral domain R, the ideals I = p*R and J = P* may give distinct
functions f7, f; and g7,9;.

Example 4.9. (a) Let R be an integral domain and I = p*R, where p is a prime

element of R. One may easily compute that f7(1) =1, f1(2) = f1(3) =2, and
fr(m) =4 for m > 4. Thus g7(1) = 1,97(2) = g1(3) = 3, and gr(n) = oo for
n>4;so fr=(1,2,2,4,4,4,...) and g = (1,3, 3, 00, 00,00,...).

Let R = Z[X] + V2XZ[V/2][X]. Then P = (2, X, ¥/2X) is a prime ideal of R
and P* C P3. Note that J = P* is not (3, 2)-closed since (V/2X)? =2X3% € J
and (V/2X)2 & J. Also, 2* € J and 2% ¢ J; so J is not (4,3)-closed. Clearly, J
is (m, 4)-closed for every positive integer m. Thus f;(m) =m for 1 < m <3
and fy(m) =4 for m > 4, and hence g;(n) =n for 1 <n <3 and gs(n) = oo
for n > 4;s0 f; = (1,2,3,4,4,4,...) and g; = (1,2,3,00,00,00,...). Thus
fr < frand g5 < gr, where f; and g; are from (a).
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